In the mechanical analysis of a structure/composite with periodic holes/inhomogeneities based on analytic techniques, the holes/inhomogeneities are usually assumed to be circular. In this paper, we develop an efficient method (based on complex variable techniques) to calculate the surface tension-induced stress field in a porous material containing a periodic array of unidirectional holes of arbitrary shape. In this method, we use conformal mapping and Faber series techniques to address a finite representative unit cell (RUC) consisting of a single arbitrarily-shaped hole with a constant surface tension imposed on the hole's boundary and periodic deformations imposed on the edge of the RUC. Several numerical examples are presented to verify the accuracy of our method and to study the influence of the shape and volume fraction of the periodic holes on the stress concentration in the structure. We show that the maximum hoop stress around periodic holes of some shapes (such as triangle, pentagon or hexagon) may appear exactly at the point(s) of maximum curvature when the hole volume fraction exceeds a certain value. Moreover, when the hole volume fraction falls below about 7%, it is found that the surface tension-induced stress concentration around periodic holes can be treated approximately as that around a single hole with the same hole shape and size in an infinite plane.
Introduction
The mechanical behavior of porous nanostructures has recently received much attention in recent years (see, for example, [1] [2] [3] ). Since these structures possess a significant surface to volume ratio, appreciable surface energy and surface tension may have a great impact on their mechanical properties [1] . In particular, surface tension may cause a residual stress field in these structures even without any external loadings. Many efforts have been dedicated to the determination of the surface tension-induced residual stress field in porous nanostructures (see, for example, [4] [5] [6] [7] [8] [9] ). Interestingly, in [7] , Wang et al. found that the surface tension-induced hoop stress around a nanosized hole usually approaches a local minimum at the point of maximum curvature. Here, it is worth noting that most of the investigations (including [4] [5] [6] [7] [8] [9] ) involving the surface tension-induced residual stress in porous nanostructures were restricted to the case of a single nanosized hole. Consequently, the results/conclusions obtained in these investigations may hardly hold or be applied for real porous nanostructures which usually contain a great number of nanosized holes in a relatively dense distribution. To address this deficiency and give a more accurate analysis for real porous nanostructures, we try to develop in this paper an efficient method to calculate the residual stress field in a nanostructure containing a doubly-periodic array of holes of arbitrarily-given shape. As in previous studies [4] [5] [6] [7] [8] [9] , we incorporate into our method only the surface tension and reasonably neglect the deformation-dependent surface elasticity since the effect of deformation-dependent surface elasticity is usually small compared with that of surface tension in relevant technological applications involving small strains [10, 11] .
The paper is organized as follows. The boundary-value problem for a finite representative unit cell (with a single hole) of a porous structure with surface tension is formulated in Section 2. In Section 3, the complex potentials for the representative unit cell are presented in a specific series with unknown coefficients determined from the boundary conditions on the edges of the RUC and its inner hole. Several numerical examples are presented in Section 4 to illustrate the influence of the shape and volume fraction of the holes on the stress concentration around the holes. Finally, our main results are summarized in Section 5.
Basic formulation
As shown in Figure 1 (a), consider a porous structure containing a periodic array of unidirectional holes of arbitrary shape. We assume that the whole structure is subjected to the plane-strain deformation while (residual) surface tension is incorporated on the boundary of each hole and external loadings are absent from the whole structure. To predict the residual stress distribution (caused by surface tension) in the structure, we shall address a representative unit cell (RUC) of the structure (see Figure 1 (b)) which contains a single central hole bounded by the curve L.
Introducing two complex functions u(z) and c(z) defined in the region occupied by the material in the RUC, we can represent the displacement (denoted by u 1 and u 2 ) and the stress (denoted by s 11 , s 22 and s 12 ) in the RUC as [12] 
where the symbol I is used to denote the imaginary unit (in order to free up the lower case i as a subscript) while G and m refer to the shear modulus and Poisson's ratio, respectively.
On the boundary L of the hole in the RUC, the presence of surface tension forces the normal and tangential tractions (denoted by s nn and s nt ) to satisfy
where T is the constant surface tension, a is the angle between the positive x 1 -axis and the (outward) normal to L while s is the arc coordinate with ds representing the arc length of an infinitesimal element of L along its tangent. In particular, an integral form of equation (4) can be described in terms of u(z) and c(z) as [13] 
Here, on the edge ABCD of the RUC, periodic boundary conditions resulting from periodic deformations are expressed by [14] 
where (M 1 , M 2 ) and (M 3 , M 4 ) are constant increments between the displacement components on the sides AB and CD and sides DB and CA (see Figure 1(b) ), respectively. Specially, all these increments M i (i = 1.4) can be determined to allow the average tractions on the sides AB and DB (or sides CD and CA) to obey
Using equation (1), equations (6) and (7) can be rewritten as
where z AB , z CD , z DB , and z CA are arbitrary points located on the sides AB, CD, DB and CA, respectively, satisfying
In the next section, we shall first define the shape of the hole in the RUC and then determine the unknown complex functions u(z) and c(z) in the entire RUC from the boundary conditions of equations (5), (9) , and (10) with equation (11).
Solution for the complex potentials
We introduce a conformal mapping, which associates the infinite region outside the hole in the RUC (i.e. the exterior of the curve L in the z-plane) with the exterior of the unit circle in the imaginary j-plane, as [12] 
where the real constant R and the complex constants m n (n = 1, 2, .) characterize the size and shape of the hole, respectively. In particular, a truncation of the infinite series in mapping equation (12) by only a few non-zero terms of m n (n = 1, 2, .) can usually lead to a good approximation of the actual shape of the hole in realistic porous materials. We note that the domain of definition of the complex functions u(z) and c(z) can be treated as the intersection of two specific regions, one of which is the infinite region outside the curve L while the other is a complete square region (without any hole) bounded by the edge ABCD of the RUC. Consequently, a (truncated) series representation of u(z) can be given by [15] 
where a j (j = 1.N), b j (j = 1.N), c j (j = 1.M), and d j (j = 1.M) are unknown complex coefficients to be determined, while each of P j (z) (j = 1.M) is called the jth-order Faber polynomial (essentially an ordinary jth-order polynomial in z) of an (approximate) square region. In particular, inspired by [16] , we represent c(z) with a special (truncated) series in j as
to improve the accuracy of our solution. Substituting equations (12), (13) , and (15) into equation (5) results in
where
Here, the coefficients a 1j (j = 22N.N2 1) and b 1j (j = 2N.N) can be calculated analytically or numerically and therefore should be treated as known constants. Equating the coefficients of s j (j = 61:::6N )on both sides of equation (16), we obtain a system of linear equations with respect to the unknown coefficients a j (j = 1.N), b j (j = 1.N), c j (j = 1.M), and d j (j = 1.M), denoted by
with
where A and B are (known) 4N × 4N and 4N × 4M real matrices, respectively. In contrast, a collocation technique is used to address the periodic boundary conditions of equations (9) and (10) . First, substituting equations (12), (13), and into equations (9) and (10), we obtain 
Next, choose Q (Q!M/2) collocation points placed equidistantly on each side of the edge ABCD of the RUC as
and using mapping equation (12) (21)- (24), namely
where C and D are (known) 8Q × 4N and 8Q × 4M real matrices, respectively. From equation (19) we have
where ''-1'' indicates the inverse of matrix. Substituting equation (28) into equation (26) results in
the least squares solution of which is given by
Here, in equation (30), Y i (i = 0.4) are all known and the only unknowns are the increments M i (i = 1.4). Introducing
and denoting the complex functions u(z) and c(z) in equations (13) and (15) with known coefficients X i and Y i (i = 0.4) by u i (z) and c i (z) (i = 0.4), respectively, we can describe the actual stress components in the matrix as
Substituting equation (33) into the condition given by equation (8), one can determine the unknown increments M i (i = 1.4) without difficulty. Here, M i (i = 1.4) depend on the specific number Q of the collocation points but usually converge with increasing Q. Once M i (i = 1.4) are determined, the vectors X and Y (see equation (20)) involving all the coefficients a j (j = 1.N), b j (j = 1.N), c j (j = 1.M), and d j (j = 1.M) can be determined from equations (28) and (30) with equation (31), following which the displacement and stress fields in the entire RUC can be obtained using equations (1), (2), (3), and (15).
4.Numerical examples
In the examples described below, we consider several common shapes of the hole in the RUC for which the mapping equations (12) are given approximately by [12] v(j) = Rj(circle), ð34Þ
where R characterizes the radius or side length of the hole.
4.1.Verification of the present method
An advantage of our numerical solution is that we can easily verify its accuracy by checking how well the boundary conditions of equations (4), (6) , and (7) are satisfied. In fact, in the context of complex variable method, accurate satisfaction of these boundary conditions implies that the corresponding results for displacement and stress inside the entire RUC are similarly accurate. Here, we give an example of periodic square holes whose shape is defined by Eq. (4), (6) and (7) are indeed well-satisfied for moderately large N, M, and Q. In addition, our extensive numerical examples (including those described in Section 4.2) confirmed that for common hole shapes defined in equations (34)-(39) and ordinary hole volume fraction, moderately large numbers N, M, and Q (less than 80) are sufficient to achieve reasonably accurate (convergent) stress distribution. Figure 5 shows the surface tension-induced hoop stresses around periodic holes of various shapes with varying volume fraction of the holes. It is seen clearly from Figure 5 that the hoop stresses around periodic holes increase rapidly with increasing volume fraction of the holes. In [7] , Wang et al. showed that the maximum hoop stress around a single hole does not appear exactly at the point(s) of maximum curvature, while from Figure 5 we can see that the maximum hoop stress around periodic holes of some shapes (such as triangle or hexagon) can appear exactly at the point(s) of maximum curvature when the hole volume fraction exceeds a certain value. On the other hand, it is noted in Figure 5 that our results for periodic holes converge to those for a single hole obtained in [8] and [12] as the volume fraction of the holes decreases, roughly speaking, to 7%. This suggests that one can use the simpler model of a single hole in an infinite plane to predict approximately the surface tension-induced stress field in a structure with periodic holes whose volume fraction is below 7%.
4.2.Stress concentration around periodic holes

5.Conclusion
A new efficient method is proposed to calculate the residual stress field caused by surface tension in a structure with unidirectional periodic holes. In this method, conformal mapping and Faber series techniques are used to address a finite representative unit cell (RUC) of the structure subjected to periodic deformations on the edge of the RUC. Numerical examples are given to verify the feasibility and accuracy of our method and to study the stress concentration around the holes relative to the shape and volume fraction of the holes. The main results are summarized as follows.
1) The surface tension-induced hoop stress around periodic holes increases rapidly with increasing volume fraction of the holes. 2) For periodic holes of some shapes (e.g. triangle and hexagon), the maximum hoop stress around the holes may appear exactly at the point(s) of maximum curvature when the volume fraction of the holes exceeds a certain value.
3) The surface tension-induced stress distribution around periodic holes recovers effectively to that around a single hole (of identical shape and size) when the volume fraction of the periodic holes falls below about 7%.
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